The quasiprobability representation of quantum states addresses two main concerns, the identification of nonclassical features and the decomposition of the density operator. While the former aspect is a main focus of current research, the latter decomposition property has been studied less frequently. In this contribution, we introduce a method for the generalized expansion of quantum states in terms of so-called quasistates. In contrast to the quasiprobability decomposition through nonclassical distributions and pure-state operators, our technique results in classical probabilities and nonpositive semidefinite operators, defining the notion of quasistates, that carry the information about the nonclassical characteristics of the system. Therefore, our method presents a complementary approach to prominent quasiprobability representations. We explore the usefulness of our technique with several examples, including applications for quantum state reconstruction and the representation of nonclassical light. In addition, using our framework, we also demonstrate that inseparable quantum correlations can be described in terms of classical joint probabilities and tensor-product quasistates for an unambiguous identification of quantum entanglement.
I. INTRODUCTION
Quantum systems can exhibit properties which have no analog in the classical realm, opening possibilities for technological innovations beyond the limitations posed by classical physics [1] . For assessing the quantumness of a state, the bisection of a system into a classically accessible domain and a genuinely quantum-mechanical sector has become one of the major challenges of current research. A successful approach to performing such a desired separation are quasiprobability distributions, such as the Wigner-Weyl function [2, 3] . Within this framework, a state is identified to be nonclassical when the corresponding quasiprobability does not have the properties of a classical probability distribution.
Beyond this nonclassicality aspect, another purpose of quasiprobabilities is the full characterization of a quantum state, for example, using the Glauber-Sudarshan representation to describe quantized harmonic oscillators [4, 5] . As such, the description of a density operator in terms of quasiprobabilities and classical reference states, e.g., coherent states, is an equally important feature of quasiprobabilities. However, despite having such a vital impact on the state's representation, the density operator expansion is, by far, less frequently considered. This is at least partially a result of a missing framework which focuses on the decomposition of density operators. Thus, the main objective of this contributions is to devise such a missing methodology that naturally leads to the useful and complementary concept of quasistates.
The notion of quasiprobabilities has become one of the main hallmarks for certifying quantum features since it allows us to study resources for practical tasks. For instance, negative quasiprobabilities have been identified as indicators for the state's usefulness in performing quantum computation protocols [6, 7] . Moreover, negativities in quasiprobabilities can be related to a broad range of concepts of nonclassicality, such as contextuality [8] and quantum entanglement [9] . In addition, quasiprobabilities can be helpful to determine the actual probabilities of measurement outcomes [10, 11] .
Furthermore, quasiprobabilities can be defined for many relevant physical systems, such as continuousvariable harmonic oscillators [4, 5] or discrete-variable angular-momentum-type degrees of freedom [12, 13] . Typically, the underlying quasiprobabilities are obtained by generalizing a classical phase space to the quantum domain; see Ref. [14] for an early study and Ref. [15] for a recent generalization. For example, quasiprobabilities in finite-dimensional systems can be introduced in this manner, cf., e.g., Refs. [16] [17] [18] [19] . With regard to the quantum state representation, this typically requires us to identify pure reference states which are compatible with the properties of classical physics [20] . Based on such classical reference states, a general quasiprobability decomposition of a quantum state can be constructed [19] . Examples relevant for quantum technologies include the formulation of entanglement quasiprobabilities [21, 22] , which become negative for quantum correlated states.
Once a quasiprobability representation is constructed, it can be further generalized. Again, pioneering applications can be found in quantum optics, where the GlauberSudarshan and Wigner-Weyl quasiprobabilities can be unified in terms of so-called s-parametrized quasiprobabilities [23, 24] , which also include the well-known Husimi-Kano distributions [25, 26] . This unification is achieved by a convolution of the quasiprobability with a Gaussian function and can be further generalized [27] [28] [29] , including non-Gaussian scenarios [30, 31] . A successful application of the s-parameter approach in a finitedimensional system has been reported as well [32] . In addition, joint non-Gaussian quasiprobabilities for multiple optical modes and points in time have been introduced to study quantum correlated light [33, 34] .
Although such formal aspects led to profound insights into quantum physics when compared to classical statistical theories (see, e.g., [35, 36] ), the method of quasiprobabilities is also of experimental importance. The most frequent implementation is the identification of nonclassical light in terms of negative Wigner-Weyl functions; see Refs. [37, 38] for early and recent examples. While the Glauber-Sudarshan distribution can be highly singular or even ambiguous [39] [40] [41] , the reconstruction of this function is feasible in certain experiments as well [42] . Moreover, the non-Gaussian generalization of this distribution is always experimentally accessible, such as reported for squeezed light [43] . Even imperfect detection schemes can be employed for the reconstruction of nonclassical phase-space distribution of light [44] . Conversely, a phase-space representation of the detector can experimentally verify quantum properties of the detection device used [45] . Another approach [46, 47] enables an experimental reconstruction of phase-space distributions and entirely circumvents a detector characterization by analyzing certain data patterns [48] . Beyond quantum light, equally insightful is the characterization of matter systems using quasiprobabilities, such as demonstrated for motional states of ions [49] and large atomic ensembles [50] . It is also worth mentioning that quantum correlations in composite hybrid systems are also accessible via generalized quasiprobabilities [51, 52] .
Therefore, quasiprobabilities present a highly successful and versatile approach to identifying nonclassical properties of quantum states in theory and experiment. Still, as outlined above, another important aspect is the quantum state decomposition. Yet, in contrast to the vast number of examples for the nonclassicality certification, studies of the decomposition properties are rarely done; a gap we aim to close in this article.
Based on the decomposition of states in terms of quasiprobabilities, we introduce a generalized expansion of quantum states in terms of quasistates. This method is complementary to the previously known approaches in which a density operator is decomposed in terms of classical reference states and a negative quasiprobability density. In our general method, we can find a decomposition which results in a nonnegative (i.e., classical) probability density by overcoming the usage of physical reference states in the decomposition. This naturally establishes the concept of quasistates, which then become the relevant objects for certifying the different kinds of nonclassicality. The usefulness of this change of perspective from quasiprobabilities to quasistates is studied in detail. One practical application relates to the experimental reconstruction of density operators. Moreover, as quasiprobabilities are most frequently applied in optical systems, we also perform a detailed analysis of quasistates that correspond to prominent phase-space representations of light. Finally, we investigate how quantum entanglement can be uniquely characterized via classical joint probability distributions when employing quasistates. Therefore, our approach offers a toolbox for the characterization and decomposition of quantum states.
This article is structured as follows. In Sec. II, we discuss the general methodological framework. An application to the quantum state reconstruction is developed in Sec. III. Phase-space based quasistates for quantized light are studied in Sec. IV. In Sec. V, quantum correlations are analyzed within the proposed framework. Finally, concluding discussions are presented in Sec. VI.
II. CONCEPTUAL FRAMEWORK
To characterize the state of a quantum system, a representation of the density operator is required. In general, a state decomposition consists of a family of pure states, defining a set S, and corresponding expansion coefficients. Then the density operator takes the form
where dψ indicates an integral over the volume of S and P is a correspondingly defined density. In the case of a discrete decomposition, the integral may be replaced by a sum. Note that we deliberately choose not to specify the set S to keep our treatment as broadly applicable as possible.
Arguably the most well-known example of a representation (1) is the spectral decomposition. In this case, S is the set of eigenstates and the probability mass function P returns the corresponding eigenvalues. Other examples for a decomposition (1) are studied in the continuation of this work and have applications, for example, in quantum optics and quantum information. It is worth mentioning that a general method to construct quasiprobabilities P for a given set S has been recently devised [19] . In that approach, it is ensured that P is a classical probability distribution when the state is in the convex hull conv{|ψ ψ| : ψ ∈ S}, which is a nontrivial task as the decomposition (1) is typically not unique [19] .
For our purpose, we may generalize the above treatment. Specifically, a convolution kernel K : S → S is introduced together with the kernel K −1 for the corresponding deconvolution. Then we get an equivalent decomposition asρ
Therein we have a modified density P K and a modified family of operators∆ K ,
Using the properties that the operations used are inverse to one another, δ(ψ, ψ ) = S dχK(ψ, χ)K −1 (χ, ψ ) with δ being the Dirac distribution, one can directly see that Eqs. (1) and (2) describe the same density operatorρ.
In general, the distribution P K in Eq. (3) is not a probability density, even if P was. For such generalized distributions, the name quasiprobabilities was established.
As discussed in the Introduction, such quasiprobability densities cover a wide range of applications, mainly for purpose of identifying quantum features. In close analogy to the notion of a quasiprobability, we are going to demonstrate that the operators∆ K in Eq. (4) are, in general, not physical density operators. Consequently, we refer to such operators as quasistates.
A main focus of previous research was devoted to characterizing quasiprobabilities. Often, the idea of a decomposition of the quantum state [cf. Eqs. (1) and (2)] in terms of such distributions was neglected. In particular, a general characterization of the distinctive features of quasistates and their applications beyond being a mathematical tool does not exist. For this reason, we are going to perform the missing comprehensive investigation of quasistates as defined in Eq. (4) and discuss useful applications of such operators.
III. STATE RECONSTRUCTION
One interesting application of quasistates are state reconstruction protocols as we show in this section. The following considerations are based on a recent work [11] in which the dual representation of measurement operators has been introduced. Here we demonstrate how this method relates to quasistates and can be used for the general reconstruction of density operators.
A. Dual representation
Let us briefly revisit the findings in Ref. [11] with regards to our method. Suppose {Π(j)} j∈S is a positive operator-valued measure (POVM). As a complementary set of operators, the notion of contravariant operatorvalued measured (COVM) was introduced. This defines a set {Γ(j )} j ∈S that satisfies the orthonormality relation tr Γ (j )Π(j) = δ(j , j).
This means that the COVM represent dual basis operators to the measured POVM. In contrast to the POVM, COVM operators are not necessarily positive semidefinite. However, they are of particular interest, for example, when considering imperfections in the measurement process [11] . The construction of COVM operators is based on a kernel defined via the elements
Specifically, it was shown that
for the discrete case. In the following, let us explore the relation between the COVM and quasistates.
For simplicity, we assume that the considered complex Hilbert space is finite dimensional, dim C H = d < ∞. The set of Hermitian operators over H is a real valued space with the dimension dim R Herm(H) = d 2 . Further, rather than restricting to a POVM for a single observable as done previously, we consider an informationally complete set {Π(ψ)} ψ∈S , witĥ
which guarantees that a reconstruction of the full quantum state is possible and implies the cardinality |S| = d 2 . However, this also means that not all elements of S can be pairwise orthogonal vectors. See Refs. [53] [54] [55] for introductions to informationally complete measurements.
Because of the properties of the now studied POVM, we can expand the quantum state as given in Eq. (1),
It is important to mention that P (ψ), in general, does not correspond to the probability of the measurement of Π(ψ), i.e., tr[ρΠ(ψ)] = P (ψ). However, we can employ the same formalism as discussed above, cf. Eqs. (6) and (7), to expand the state as [11] 
Now we can identify the coefficient with the measurement probability, ρ(ψ ) = tr[ρΠ(ψ )] for all ψ ∈ S, because of relation (5) . In other words, the expansion in Eq. (10) can be used to directly reconstruct the density operator in terms of measurement outcomes and dual operators. Let us specifically relate the found reconstruction with the generalized decomposition (2) . Using the definitions (6) and (8), we find that the kernel under study is given by the
Recall that information completeness implies that this matrix is a bijection, thus invertible. Further, as a result of Eqs. (4) and (7), the thought-after quasistates are identical to the COVM elements,
Consequently, it also holds true that P K (χ) = ρ(χ); see Eqs. (2) and (10) . Therefore, quasistates allow for the direct reconstruction of the density operator under study. It is worth mentioning that imperfections in any measurement, meaning thatΠ(ψ) is not a pure-state projector, can be treated similarly to the thorough discussion for a single observable carried out in Ref. [11] . Furthermore, if the POVM does not allow for a full reconstruction or is over-complete (e.g., because |S| = d
2 ), then the state in the spanned subspace can be reconstructed or a pseudo-inversion of K can be performed [11] .
B. Example
To further discuss the above findings, we study the specific example of a qubit system (d = 2), defined via the orthonormal Hilbert space basis {|0 , |1 }. The four rank-one projection operators |ψ j ψ j | in Eq. (8), also defining the set S, can be chosen according to the states
and
where w = exp[2πi/3]; see the top-left panel in Fig. 1 for their geometric Bloch-sphere representation. This allows us to construct K via Eq. (11) and compute its inverse,
This then yields the quasistates aŝ
for j = 2, 3, 4. As we can see from the top-right panel in Fig. 1 , these quasistates do not resemble physical quantum states because of the negative eigenvalue. Let us now consider the specific stateρ = |0 0| for the reconstruction. Then, the measured and, therefore, nonnegative expansion coefficients are
using the projectors defined via the states in Eq. (13) . In addition, the corresponding COVM elements, being the quasistates in Eq. (15), result in the expansion coefficients P (ψ j ) = tr[ρ∆ K (ψ j )], which resembles a quasiprobability distribution. The bottom part in Fig.  1 shows the values of P K and P for the stateρ = |0 0|. Using the nonnegative P K (see Fig. 1 ), we can now directly confirm that the density operatorρ = |0 0| is expanded as described in Eq. (2) while using the quasistates in Eq. (15),ρ = j=1,...,4 P K (ψ j )∆ K (ψ j ). The possibly negative elements of P also allow for the decomposition of the state,ρ = j=1,...,4 P (ψ j )|ψ j ψ j |. However, P does not correspond to a directly measured quantity. Thus, quasistates provide a beneficial tool to reconstruct density operators using measured quantities.
Let us also briefly comment on the extension of our approach to continuous-variable systems, d = ∞. In fact, already in Refs. [56, 57] , a method was introduced to expand the state of a single-mode radiation field in terms of so-called pattern functions. Using the here developed The top-right panel shows the two eigenvalues of the resulting quasistates∆K (ψj), being identical for j = 1, . . . , 4. For the reconstruction of the state under study, the bottom panels depict the expansion coefficients P (ψj) and PK (ψj) to be used with |ψj ψj| and∆K (ψj) [Eqs. (1) and (2)], respectively. framework, we can directly identify these pattern functions with the wave functions of the corresponding quasistates. Beyond this reconstruction approach, we study the expansion of nonclassical states of light in the following section.
IV. QUANTUM LIGHT
We now demonstrate the application of quasistates for the description of nonclassical quantum states. In particular, we consider a harmonic oscillator, which can, for example, describe a quantized radiation mode. To describe the system's nonclassicality, the prominent Glauber-Sudarshan representation has been developed [4, 5] ,
Here this decomposition implies that we identify the set S with the complex coherent amplitudes α ∈ C, defining the coherent states |α . For a thorough introduction to quantum optics in phase space, see Ref. [58] . A state is referred to as nonclassical if P does not exhibit the properties of a classical probability distribution. In the following, we begin our considerations of quasistates for nonclassical light in the Fourier picture and then proceed to prominent examples of quasiprobabilities and their dual representation via quasistates.
A. Fourier representation
The characteristic function Φ(β) is the Fourier transform F of a distribution, which is accessible via the kernel
i.e., in our notation, P F = Φ. The inverse Fourier transform, defined via
For the evaluation of the integral, it is useful to represent the coherent-state projectors in terms of normally ordered exponential of creation (â † ) and annihilation (â) operators, which reads |α α| = :
is the unitary displacement operator. Therefore, the quasistates∆ F (β) correspond (up to a rescaling) to unitary operators in the case that the convolution kernel is the Fourier transformation. Note that instead of the Fourier transform, the Laplace transform can be advantageous in certain scenarios as well [59] .
One application, which also connects to the previous section, is the state reconstruction via balanced homodyne detection. For this purpose, let us recall that the characteristic function of the Wigner-Weyl distribution takes the form [58] Φ(β)e −|β|
where we used the quadrature operatorx[ϕ] = e iϕâ + e −iϕâ † . This means for a balanced homodyne measurement, providing a data set {x j [ϕ j ]} j=1,...,N of quadratures x j for the phase values ϕ j , we can approximatê
which corresponds to a sampling approach as a consequence of a quasistate representation [see specifically the first line of Eq. (22) and the use of∆ F ]. In fact, further analyses show that this approach is indeed equivalent to established reconstruction methods bases on balanced homodyne detection and using pattern functions [56, 57, 60] . In addition, it is worth emphasizing that the phases ϕ have to be uniformly distributed in the interval [−π/2, π/2] to ensure an optimal sampling [61] .
B. Generalized optical quasistates
Translational types of convolutions in the original space, e.g., P κ (α ) = C dα P (α)κ(α − α), take a product form in the Fourier domain. In this scenario, we can consider the representation
for a kernel Ω. The inverse Fourier transform gives the distribution P F −1 ΩF as well as the quasistateŝ
Such operators have been extensively studied in connection to operator orderings and their resulting quasiprobabilities [23, 24, [27] [28] [29] . Here, however, let us analyze them based on their own merit as quasistates.
Of particular interest are the Gaussian functions
where |p| = |q| [27] [28] [29] . In Table I , specific examples and their connection to known quasiprobabilities are given.
Evaluating the integrals as demonstrated in Appendix A, we get the quasistates in normal ordering aŝ
Note that because of the convolution property, we havê quasistates. In Fig. 2 , several examples of the phasespace Q-function representation,
are shown for different parameters that define the quasistates in Eq. (26) . It is also worth mentioning that the Q function is the Husimi-Kano distribution.
Interestingly, the considered class of quasistates, given in Eq. (26), can be related to squeezed versions of thermal-like quasistates,
wheren ∈ C generalizes the notion of a mean thermal photon number and ζ is the squeezing parameter. A full and exact analysis is provided in Appendix A, and it provides the relations between the different parameter sets as
with
where r = s 2 − pq. Recall that we require |q| = |p|. Also note that the squeezing operation is unitary which implies that we have the eigenvalues (1 − ω)ω n , following a geometric distribution. In the following, let us study the resulting quasistates in more detail.
s-Parameterized quasistates
Arguably the most frequently used choice of parameters is obtained for p = q = 0, likewise ζ = τ = 0. This choice results in the s-parametrized quasiprobability distributions P F −1 ΩF . Here, we additionally find the quasistates∆ F −1 ΩF . In particular, those quasistates have the eigenvalues
for n ∈ N; see Eq. (28) . For the parameters −1 < s < 1, the eigenvalues (31) of the quasistates are negative for odd n, certifying that these operators are only accessible in terms of our generalization of the notion of a physical state. In the limit s → 1, we get the eigenvalue 1 for n = 0 and 0 for n > 0, defining the vacuum state. Its Q function is shown on the left in the top row of Fig. 2 , and the corresponding quasiprobability distribution is the original GlauberSudarshan distribution. Furthermore, the case s = 0 interestingly describes an operator with the maximally possible singularities a Glauber-Sudarshan distribution can exhibit [41] ; see also the center plot in the top row of Fig. 2 for its Q function. There, we observe that the spread (i.e., variance) in phase space is reduced in all directions when compared to the vacuum state, further highlighting that it is a genuine quasistate that is incompatible with the uncertainty relation which holds true for any physical state. The underlying phase-space distribution P F −1 ΩF is the Wigner-Weyl distribution. Finally, the quasistates for the Husimi-Kano distribution are obtained in the limit s → −1, and its corresponding Q function is described by a singular Dirac distribution.
Beyond real-valued s parameters, we can additionally consider complex values as well [58] . Then, the eigenvalues (31) are complex too. The example s = i is shown on the left of the bottom row in Fig. 2 . While the amplitude |Q| is identical with the vacuum state, the quasistate characteristics are clearly visible through the nontrivial phases, arg Q = 0.
Non-s-parametrized quasistates
Moreover, we can also consider the quasistates for cases with p, q = 0. As we demand |q| = |p|, we have two extremal scenarios, q = p * and q = −p * . In addition to the s-parametrized quasiprobabilities in Table I , we also listed the Agarwal-Wolf distributions. They correspond to the case q = −p * = ∓1 (also, s = 0). The complex-valued Q function of the resulting quasistate∆ F −1 ΩF is shown in the bottom-right plot of Fig.  2 . The amplitude |Q| is again compatible with the uncertainty principle bounded by the vacuum state, similarly to the previously discussed scenario of a complex s parameter. Here, however, the functional behavior of the phase arg Q does not possess a radial symmetry. Rather, the quasistates to the Agarwal-Wolf distributions exhibit hyperbolic isophase contours. Note that this dismisses a sometimes held believe that Agarwal-Wolf distributions are an example of a s-parametrized quasiprobability.
Finally, we can ask ourselves what happens in the case q = p * . An example is shown in the top-right plot in Fig.  2 . Interestingly, the resulting quasistates are squeezed. Specifically for a squeezing parameter ζ, we can choose
This choice impliesn = 0 and means that the quasistates are pure squeezed states, cf. Eqs. (29) and (30) . Consequently, the quasiprobability density P F −1 ΩF (α) now describes the decomposition of the density operator in terms of displaced squeezed states with a coherent amplitude α and a squeezing defined by ζ. This further implies that we have a generalized Glauber-Sudarshan quasiprobability distribution which is, however, a phasespace representation that expands the state in terms of squeezed states. Thus, the case q = p * significantly extends the notion of s-parametrized distributions to additionally include arbitrary squeezed states.
V. QUANTUM CORRELATIONS
In a recent work [19] , we generalized the concept of quasiprobability representations to more general notions of quantum coherence [62] , beyond the specific example of harmonic oscillators studied in the previous section. Among the various types of quantumness, quantum correlations between multiple degrees of freedom play an outstanding role for applications in quantum technologies [1, 63] . For this reason, let us study the entanglement of quantum systems within the framework of quasistates. A comprehensive introduction to the theory of entanglement (likewise, inseparability) can be found in Ref. [63] .
A. Entanglement quasiprobabilities
A pure separable state in a multipartite system is described by a tensor-product vector,
where a ∈ S A , b ∈ S B , etc. In addition, the inclusion of classical correlations in terms of statistical mixtures, given by a classical probability density P , yields the definition of a mixed separable state [64] ,
A state is defined to be inseparable (i.e., entangled) if it cannot be written in the form of Eq. (34). However, when we allow for P to be a quasiprobability, even entangled states can be expanded in terms of separable states using Eq. (34) [21] . A construction approach for bipartite entanglement quasiprobabilities was introduced in Ref. [22] . As this approach can be generalized from the bipartite scenario to the multipartite case [19] , we restrict ourselves to bipartite systems in the following.
The optimal decomposition of entangled states in terms of separable ones warrants that the entanglement is uniquely identified through negativities in P (a, b) [19, 22] . The separable states |(a, b) needed for the decomposition are obtained from the solution of the socalled separability eigenvalue equations (SEEs),
The SEEs approach generalizes the eigenvalue problem to composite systems while respecting the tensor-product structure of the corresponding eigenvectors and was initially introduced to construct entanglement witnesses [65, 66] . The solutions (a, b) ∈ S allow us to construct the distribution P by solving the linear problem
where (11)] and is a result of a underlying principle of convex decomposition, discussed in greater detail in Ref. [19] .
One can always find a set S 0 such that S ⊂ S 0 × S 0 ; we then set P (a, b) = 0 for all (a, b) ∈ S 0 × S 0 \ S. Using the construction to find optimal entanglement quasiprobabilities via the SEEs, we can decompose any state, be it entangled or separable [19, 22] 
It is worth mentioning that the entanglement quasiprobability is always real valued and normalized.
B. Quasistate representation
A universally applicable approach to diminish the negativities in quasiprobabilities for a single system is a convolution of the form
with 0 < r ≤ 1 and |S 0 | being the cardinality of the set; see Appendix B for details. The kernel under study consequently leads to quasistates of the form
We emphasize that quasistates defined in this manner are both Hermitian,∆ K (χ) =∆ K (χ) † , and normalized, tr[∆ K (χ)] = 1. Thus, the only distinction to true states is the fact that∆ K (χ) is, in general, not a positive semidefinite operator.
The convolution can be generalized to composite systems via product kernels. Choosing, for example, the same r for both systems, we can reformulate Eq. (37) aŝ
In particular, we have
using the marginal distributions P (ã) = b∈S0 P (ã, b) and P (b) = a∈S0 P (a,b).
Eventually, we get a nonnegative distribution P K⊗K for a sufficiently large r, which is also demonstrated later. This means that an entangled state can be decomposed according to Eq. (40) in terms of a classical joint probability distribution P K⊗K (a, b) ≥ 0 and tensor-product
. Since we can chose r = 0 for separable states, we find that quasistates are not required in this case. Therefore, we are able to conclude that entanglement is unambiguously identified in terms of classical joint probability distributions if and only if the tensor-product operators of the decomposition have to be unphysical quasistates.
C. Example
As a proof of concept, let us consider an entangled two-qubit quantum state parametrized aŝ
This corresponds to a physical density operator if and only if the real coefficients satisfy
where the extremal points represent Bell states. In Ref. [19] , we solved the SEEs [Eq. (35) ] for this family of states. In particular, the separability eigenvectors are tensor products of eigenstates of Pauli operators (σ x ,σ y , andσ z ). This implies that we have
whereσ w |w s = s|w s for w s ∈ S 0 . The exact entanglement quasiprobability reads [19] 
with a, b ∈ {x, y, z} and s, t ∈ {+1, −1}, identifying the separability eigenvectors, (a s , b t ) ∈ S 0 ×S 0 . Of particular importance is the parameter
as it determines if the state is separable; namely,ρ in Eq. (42) is separable if and only if q ≥ 0 [19] . Conversely, the negativity of the quasiprobability in the case of entanglement is given by this quantity as well; it reads min (u,v)∈S0×S0 P (u, v) = q/12 ≥ −1/6, and the lower bound is attained for Bell states. Now we can apply the kernel in Eq. (41). Inserting the distribution in Eq. (44) yields
After some straightforward algebra, we find that P K⊗K is always nonnegative for 0 < r ≤ 1/ √ 7. In addition, we get tensor-product quasistates which are formed by the subsystem componentŝ
for j ∈ S 0 (see Appendix B). Consequently, the eigenvalues of∆ K (j) are (1 + r)/(2r) and −(1 − r)/(2r). Let us consider a Bell stateρ = |ψ ψ| as a specific example, where
i.e., ρ(x) = ρ(y) = ρ(z) = −1. The quasiprobability decomposition of this state is shown in Fig. 3 . The negativities in the joint quasiprobability, P 0, certify the entanglement and enable us to decompose the entangled stateρ using nonnegative tensor-product projectors, |a a| ⊗ |b b| ≥ 0. In contrast, in Fig. 4 , we show the result of applying the uncorrelated and nonnegative kernel K ⊗ K for r = 1/ √ 7; see Eq. (46) . This results in a joint classical probability distribution. However, the consequence is that the tensor-product operators for the decomposition have to be unphysical quasistates (because of the negative eigenvalues) in order to expand the entangled Bell state under study.
VI. CONCLUSIONS AND DISCUSSION
Since the early theoretical descriptions of quantum states in phase space, quasiprobabilities have become one of the most important tools for studying quantum phenomena. Here, we complemented this treatment by introducing the concept of quasistates. While nonclassical states can be expanded in terms of a quasiprobability density and physical states, we demonstrated that one can equivalently use a classical, i.e., nonnegative, distribution and quasistates to perform such an expansion. Then the quantum features of the state are carried over from the necessity of negativities in the distribution to the requirement that unphysical quasistates are needed to describe the state of a system. Furthermore, we elaborated a number of different aspects and applications of quasistate, rendering them a useful tool to characterize quantum systems.
In simple terms, quasistates almost describe a density operator-only certain properties of a physical state do not apply. In particular, a physical density operator is a Hermitian and positive semidefinite operator with a unit trace. Throughout this work, we discussed several examples for which one (or multiple) of the defining properties of a density operator are violated by a quasistate. For instance, eigenvalues can be negative, violating the positive semidefiniteness, or a Fourier representation was shown to lead to non-Hermitian quasistates.
As one practical implementation, we studied the reconstruction of the density operator. This was based on the findings of a recent work [11] , where Born's rule was reinterpreted in terms of contravariant operator-valued measures. For example, this dual concept is useful when the positive operator-valued measure describes imperfect measurement outcomes. Here, we proved that the contravariant operator-valued measure directly relates to the concept of quasistates and, therefore, can be considered as a special case of our general notion. Consequently, we were able to apply quasistates for a direct quantum state reconstruction in terms of measured probabilities, such as exemplified for a two-level qubit state.
The duality between quasiprobability densities and their corresponding quasistates was studied for prominent quantum-optical phase-space distributions. For instance, we found that the quasistates of the Wigner-Weyl distribution coincide with an operator that describes the maximal singularities the Glauber-Sudarshan distribution can have [41] . Beyond known quasiprobabilities in quantum optics, we further showed that our approach also leads to generalized phase-space distributions which expand the state in terms of squeezed states rather than coherent ones. This, for example, can be useful to characterize non-Gaussianity, which is required for universal quantum computation and, in contrast to nonclassicality in terms of the Glauber-Sudarshan distribution, not only relies on coherent states but general squeezed states [67] .
Furthermore, we characterized quantum correlations using quasistates. In particular, we showed that entanglement can be identified with a classical joint probability distribution and tensor-product quasistates. This result is surprising when considering that a violation of localhidden-variable models typically excludes such classical distributions because states are (obviously) implicitly assumed to be physical in such models. Here, we proved the necessary and sufficient condition that a density operator is separable, i.e., not entangled, if and only if both the distribution and the used states are classical; conversely, entanglement requires that at least one of them is nonclassical. As an example, we identified the entanglement of a Bell state using either optimal quasiprobabilities [22] and tensor-product states or classical probabilities and unphysical quasistates. Based on the general construction of quasiprobabilities for other notions of quantum coherences [19] , the found results can be straightforwardly generalized to other forms of quantumness.
In conclusion, we developed the versatile and useful framework of quasistates for decomposing density operators. Previously established concepts and methods have been demonstrated to be equivalently accessible with our technique which additionally allowed us to go beyond this state of the art. Thus, we believe that, analogously to quasiprobabilities, the notion of quasistates has the potential to significantly contribute to the description and reconstruction of nonclassical quantum states in theory and experiment. For our treatment of quantum light in Sec. IV, some additional algebra is required. In this appendix, we formulate the needed relations.
General relations
We frequently apply the Gaussian integral formula
where Re[z±(x+y)] > 0 and Re[z 2 −4xy] > 0. We use the branch with a nonnegative real part for the square root of a complex number. The above relation can be extended to integrals of normally ordered expressions because under this prescription, we have an algebra of commuting operators.
In the case that operator ordering becomes relevant, let us formulate additional relations. From the observa- 
Spectral decomposition of Gaussian quasistates
In the main part of this contribution, we consider filter functions of a Gaussian form [cf. Eq. (25)]. The exact analysis for the resulting quasistates is performed here. 
To characterize this quasistate, let us consider its decomposition in terms of exponential operators. First, the squeezing operatorŜ = exp([ζ * â2 −ζâ †2 ]/2) can be equivalently given as [58] 
where τ = e i arg ζ tanh |ζ|. Note that |τ | < 1, and we have infinite squeezing for |τ | → 1. In addition, we consider thermal-state-like operator 
See Ref. [68] for a derivation and additional considerations. Also note that the vacuum stateŴ = |0 0| is obtained in the limit ω → 0. Now, we defined an operatorT to be compared with the quasistate∆,T =ŜŴŜ † .
Using the exchange relations in Eqs. (A2) and (A3), we find after some algebra a normally ordered expression,
1 − |τ | 2 ω 2n :
Finally, we can compare this expression with Eq. (A4), ∆ =T . Namely, equating coefficient yields ω = r − 1 r + 1 , |τ | 2 = s − r s + r , and τ τ * = q p ,
where r = s 2 − pq. This also implies τ = −q/(s + r) and τ * = −p/(s + r). Conversely, we can deduce parameters s, p, and q from given values of ω and τ , (1 − ω)(1 − |τ | 2 ) .
(A10)
Appendix B: Uniform attenuation
In the main text, we consider a specific example of a kernel. For studying its properties, let us consider the corresponding convolution P K (χ) = ψ∈S P (ψ)K(ψ, χ) = a P (χ) + b ψ∈S P (ψ) (B1) for a set S of states. Note that ψ∈S P (ψ) = 1 is the normalization condition. To ensure that the result is normalized as well, 1 = χ∈S P K (χ) = a + b|S|, we find
using the cardinality |S| of the set of states. Further, when 0 ≤ a ≤ 1 is satisfied, the non-negativity of P K is guaranteed for any nonnegative P . The considered convolution can be formulated via the |S| × |S| map
using the identity id and the |S|-dimensional vector n = [1, . . . , 1] T . Then the inverse takes a similar form,
where a + b|S| = 1 for the given b. Using the normalization, the convolution kernel K corresponds to uniform addition of noise to the probabilities. On the level of the operators, we get
In the continuous case, we can generalize the above relations as
where the volume |S| = S dψ is used instead. Furthermore, the projection operators transform aŝ
As a discrete-variable example, we study a qubit system with orthogonal basis {|0 , |1 }. We can identify the Pauli matrices asσ z = |1 1| − |0 0|,σ x = |0 1| + |1 0|, andσ y = i|0 1| − i|1 0|. The Hermitian operator basis can be completed with the operator1 = |0 0| + |1 1|. The eigenvectors |j ±1 of the Pauli matricesσ j to the eigenvalues ±1 for j ∈ {z, x, y} form the set S. Then we can decompose any density operator aŝ ρ = j∈{x,y,z},s∈{+1,−1} P (j s )|j s j s |.
Conversely, the attenuated distribution reads P K (j s ) = aP (j s ) + (1 − a)/6, and the transformed operators take the form∆ K (j s ) = a −1 |j s j s | − (1 − a)(2a) −11 .
